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According to the first and second laws of thermodynamics and the definitions of work and heat,
microscopic expressions for the non-equilibrium entropy production have been achieved. Recently,
a redefinition of heat has been presented in [Nat. Commun. 8, 2180 (2017)]. We are going to deter-
mine how this redefinition of heat could affect the expression of the entropy production. Utilizing
this new definition of heat, it could be found out that there is a new expression for the entropy
production for thermal operations. It could be derived if the initial state of the system and the
bath is factorized, and if the total entropy of composite system is preserved, then the new entropy
production will be equal to mutual information between the system and the bath. It is shown that
if the initial state of the system is diagonal in energy bases, then the thermal operations cannot
create a quantum correlation between the system and the bath.
I. INTRODUCTION
The conservation of energy in thermodynamic systems
is the topic of the first law of the thermodynamics, which
states that every increase in the internal energy of a sys-
tem is produced in one of two ways (or both): (a) by
means of work performed on the system and/or (b) by
means of heat absorbed by the system. Heat is defined as
the flow of energy from the environment, normally con-
sidered as a thermal bath at a certain temperature, to a
system, in some way different from work. Irreversible
processes are described by the second law of thermo-
dynamics, the non-negativity of the entropy production
∆Sirr ≥ 0 is called the Clausius inequality that is one of
the various ways of expressing the second law. According
to the second law of thermodynamics, the entropy pro-
duction is always non-negative, being zero only when the
system and the environment are in thermal equilibrium.
Recently, thermodynamic behavior within quantum me-
chanical systems has received a huge interest. Therefore,
having a clear understanding about the fundamental con-
cepts such as work, heat and the second law in the quan-
tum domain has been the main topic of many research in
quantum thermodynamics [1–9].
Some microscopic expressions for the non-equilibrium en-
tropy production have been derived in open and closed
quantum systems [10–14].
In order to understand the foundations of thermody-
namics in quantum domain, thermodynamics is viewed
as a resource theory. There are different models for the
resource theories of thermodynamics [15–17], which vary
mostly on the set of allowed operations. One of the most
important models is the resource theory of thermal op-
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erations [18–21].
Recently, a redefinition of heat has been presented
[24] where the authors introduced a redefine of heat
by properly accounting for the information flow and
thereby restoring Landauer’s erasure principle. During
the presented work, it aims to determine how this redef-
inition of heat could affect the expression of the entropy
production for thermal operations. Since, microscopic
expressions for the non-equilibrium entropy production
is based on the definition of heat and work, it is expected
that any new definition of them might dramatically
change the expression of the entropy production.
The paper is organized as follows: In Sec. II a brief
review on thermal operations and the heat definitions are
presented. Expressions for the non-equilibrium entropy
production are obtained by using the heat definitions, in
Sec. III. The role of quantum coherence in the entropy
production for thermal operations is studied in Sec. IV.
The final section, Sec. V, is devoted to the conclusions
and discussions.
II. PRELIMINARY
Thermal operations (TO) {εT } consist of all maps on
a system with Hamiltonian HS and a state ρS that can
be written as [18–20]:
ρ′S = εT (ρS) = TrB(ρ
′
SB), ρ
′
SB = UρS ⊗ γBU
†, (1)
where
1. U is an energy-preserving unitary satisfying
[U,HS +HB] = 0, (2)
2. γB is a thermal state of the bath at some fixed
2inverse temperature:
γB =
e−βHB
ZB
, (3)
where β is a fixed inverse temperature of the bath
(throughout the paper we assume kB = 1), ZB =
tr(e−βHB ) is known as the partition function, HB
is an arbitrary bath Hamiltonian.
There are two important properties for TO which are
[22, 23]:
1. {εT} are time-translation symetric [33]; i.e.,
ε(e−iHstρeiHst) = e−iHstε(ρ)eiHst, (4)
2. the thermal state is preserved by {εT},
εT (γB) = γB. (5)
The non-equilibrium free energy for a system in a state
ρS , with Hamiltonian HS , and with respect to a thermal
bath at temperature T is defined as:
F (ρS) = ES − TS(ρS), (6)
where ES = tr(HSρS) is internal energy, S(ρS) =
−tr
(
ρS ln(ρS)
)
is the von Neumann entropy. If we use
HS = −
1
β
(
ln(ρeqS ) + ln(Zs)
)
, the non-equilibrium free
energy can be written
F (ρS) = Feq + TS(ρS‖ρ
eq
S ), (7)
where Feq =
−1
β
ln(Z) is free energy at thermal equilib-
rium, and S(ρS‖ρ
eq
S ) is the relative entropy. Usually, the
change in the internal energy of the bath is defined as
heat [25, 26], i.e.,
∆Q¯ = −∆EB. (8)
However, recently a new definition of heat is introduced
[24], where they state that heat should be considered as
information flow. Assume there is a thermal bath with
Hamiltonian HB at temperature T that is exhibited by
the thermal state γB. For a process that transforms the
thermal bath ρB −→ ρ
′
B with the fixed Hamiltonian HB
the heat is quantified as [24]:
∆Q =
−1
β
∆SB, (9)
where ∆SB = S(ρ
′
B) − S(ρB) is the change in von Neu-
mann entropy of bath. Comparing Eq. (8) and Eq. (9),
we have
∆Q = ∆Q¯ +∆FB. (10)
Note that, if the bath deviates from thermal equilibrium
by small variation during TO, i.e., ρ′B ∼ ρ
eq
B + ǫ, then
∆FB = TS(ρ
′
B‖ρ
eq
B ) ∼ ǫ
2 which in the limit of large
baths ∆FB −→ 0. Therefore, both definitions coincide.
III. THE EFFECT OF REDEFINING HEAT ON
THE ENTROPY PRODUCTION FOR THERMAL
OPERATIONS
The change in entropy of the system ∆Ss includes a
reversible and a irreversible contributions when a system
experiences a dynamical process. The reversible contri-
bution is due to heat flow which is addressed as the en-
tropy flow ∆Srev = β∆Q, and the irreversible contribu-
tion is called entropy production ∆Sirr:
∆Ss = ∆S
irr +∆Srev. (11)
In the following lines, the entropy production for the ther-
mal operations is extracted by using the definitions of
the heat presented in the previous section. Based on the
usual definition of heat Eq. (8) and using Eq. (11), the
entropy production for the TO will be:
¯∆Sirr = −β∆FS = S(ρS‖ρ
eq
S )− S(ρ
′
S‖ρ
eq
S ), (12)
which is the familiar form of the entropy production for
TO [11, 30] (see Appendix for more details). It is clear
that with respect to the contraction of relative entropy
[27], ¯∆Sirr is always non-negative. As a result
∆FS ≤ 0, (13)
which means that under TO, free energy is decreasing
[21, 22]. According to the definition of TO, Eq. (12) can
be written as [12–14]:
¯∆Sirr = S(ρ′B‖ρ
eq
B ) + I(ρ
′
SB), (14)
where I = S(ρ′S) − S(ρ
′
B) − S(ρ
′
SB) is mutual informa-
tion between the system and the bath. According to this
equation the mutual information and the change in the
state of the bath contribute to the entropy production.
We now want to see how the relation of the entropy
production will be affected by changing the definition of
heat. If we use the Eq. (9) to define the heat, there is
∆Sirr = −β(∆FS +∆FB) (15)
= S(ρS‖ρ
eq
S )− S(ρ
′
S‖ρ
eq
S )− S(ρ
′
B‖ρ
eq
B ),
more details could be found in Appendix. Applying the
definition of TO, Eq. (15) can be written as follows:
∆Sirr = I(ρ′SB), (16)
and since I is always non-negative, hence ∆Sirr ≥ 0 as
well. In contrast to the Eq. (14) where mutual informa-
tion and change in the state of bath participate in the
entropy production, here only mutual information plays
a role in the entropy production. On the other hand,
from Eq. (15) an upper bound for ∆FS is concluded
∆FS 6 −∆FB. (17)
Since −∆FB 6 0, the above relation is tighter than
Eq. (13). It is important to note that for entropy pre-
serving operations [24] with this condition that initial
state of the composite system SB is factorized, the rela-
tion (16) is also true; refer to Appendix.
3IV. QUANTUM COHERENCE AND THE
ENTROPY PRODUCTION
Recently, it has been shown that the non-equilibrium
free energy can be written as follows [30, 31]:
F (ρS) = Feq + TS(pS‖p
eq
S ) + TC(ρS), (18)
where S(pS‖p
eq
S ) =
∑
i pEi ln pEi/p
eq
Ei
is the Kullback-
Leiber divergence of the classical probability distribution
entailed by the populations pS = {pEi} from that of the
equilibrium state peqS = {p
eq
Ei
}, pEi = 〈Ei|ρS |Ei〉. More-
over, C(ρS) is the relative entropy of coherence [28, 29]
C(ρS) = S(∆HS (ρS))− S(ρS), (19)
where
∆HS (ρS) =
∑
i
〈Ei|ρS |Ei〉|Ei〉〈Ei|,
is the dephasing map, acting on the density matrix ρS ,
which removes all coherences from the various energy
eigenspaces of HS . According to Eq. (18), the entropy
production is divided into two classical and quantum con-
tributions:
¯∆Sirr = ¯∆SirrC +
¯∆SirrQ , (20)
where
¯∆SirrC = S(pS‖p
eq
S )− S(p
′
S‖p
eq
S ), (21)
¯∆SirrQ = C(ρS)− C(ρ
′
S). (22)
Now we aim to repeat the above process for the new
expression of entropy production Eq. (15) which obtained
based on the new definition of heat. In this regard, the
new entropy production will be divided to the classical
and quantum parts as follows
∆SirrC = S(pS‖p
eq
S )− S(p
′
S‖p
eq
S )− S(p
′
B‖p
eq
B ), (23)
∆SirrQ = C(ρS)− C(ρ
′
S)− C(ρ
′
B). (24)
To prove that these two contributions are both non-
negative, we use the following equation:
∆Sirr = I(ρ′SB) (25)
= [I(∆HS+HB (ρ
′
SB)] + [I(ρ
′
SB)− I(∆HS+HB (ρ
′
SB))],
so, we have
∆SirrC = I(∆HS+HB (ρ
′
SB)), (26)
∆SirrQ = I(ρ
′
SB)− I(∆HS+HB (ρ
′
SB)). (27)
Since these above equations are non-negative, therefore
it could be concluded that Eq. (23) and Eq. (24) are non-
negative as well.
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FIG. 1: (Color online). (a) TO cannot generate quantum cor-
relation from incoherent input states. (b) Conversely, if the
input state of the system be coherent Gibbs state then corre-
lation between the system and bath is quantum correlation.
A quantum operation is coherence preserving if and
only if it is unitary and incoherent [32]. With attention
to this statement, the unitary operation U , which was
mentioned in the definition of TO, is a coherence pre-
serving operation. Thus, the total coherency of the both
system and bath remains unchange under operate of U ,
i.e.,
C(ρ′SB) = C(ρS ⊗ γB) = C(ρS). (28)
Substituting Eq. (28) into Eq. (24), we have
∆SirrQ = C(ρ
′
SB)− C(ρ
′
S)− C(ρ
′
B) = Ccc(ρ
′
SB), (29)
where Ccc(ρ
′
SB) is correlated coherence [34, 35]. In con-
trast to [30] where coherence of the bath contributes in
entropy production, we see here that by using the new
definition of heat only correlated coherence contributes
and coherency of subsystems play no role.
Here it is interesting to note that if the initial state of
the system is diagonal in energy bases, that is C(ρS) = 0,
then
C(ρ′S) = C(ρ
′
B) = Ccc(ρ
′
SB) = 0, (30)
hence, the system and the bath will remain diagonal un-
der the evolution. Also
∆SirrQ = Ccc(ρ
′
SB) = I(ρ
′
SB)− I(∆HS+HB (ρ
′
SB)) = 0,
(31)
therefore
∆Sirr = ∆SirrC = I(∆HS+HB (ρ
′
SB)), (32)
this means that the entropy production has only a clas-
sical contribution. In other words, we can say that if the
initial state of the system is diagonal in energy basis, then
it is impossible to create a quantum correlation between
the system and bath by using TO. Another interesting
4feature is that if the initial state of the system is in the
coherent Gibbs state, which is defined as follows [22, 36]
|λ〉 :=
∑
i
√
e−βEi
ZS
|Ei〉, (33)
from Eq. (23) one has ∆SirrC = 0. Therefore, only quan-
tum correlation contributes in entropy production
∆Sirr = ∆SirrQ = Ccc(ρ
′
SB). (34)
Consequently, if the initial state of the system is a coher-
ent Gibbs state, then under TO if there is a correlation
between the system and the bath, this correlation must
be quantum correlation, which is in complete contrast
with the previous case.
V. CONCLUSION
In this work, it was shown that changing the defini-
tion of heat results in the modified version of the entropy
production. Specifically for our case, applying the new
definition of heat, one could found an extra modified term
for the entropy production with respect to the familiar
form of the entropy production. It was determined that
the effect of this modified term is eliminated for large
environments, then both entropy productions come close
to each other.
In addition it was demonstrated that using the new def-
inition of heat, if one assumes that the initial state of
the system and the bath is product and also the map is
entropy preserving then the entropy production is equal
to mutual information between the system and the bath.
There is another feature which is resulted from utilizing
the new definition of heat is that the boundary of free
energy variation under TO could affectively be changed,
so that with respect to the usual case, the boundary of
the free energy under TO becomes tighter.
Also, the role of quantum coherence in entropy produc-
tion was studied, it was shown that if the initial state
of the system is in the diagonal energy bases, then using
the TO we cannot create a quantum correlation between
the system and the bath. While, if the initial state of the
system is coherent Gibbs state, the correlation between
system and bath must be quantum correlation.
Appendix A: Obtain the Equations
The following relations are true for thermal operations:
∆ES +∆EB = 0, (A1)
I(ρ′SB) = ∆SS +∆SB, (A2)
∆FB = TS(ρ
′
B‖ρ
eq
B ), (A3)
where the first is because of the energy conservation con-
dition, the second relation is due to the fact that the
initial total state is a direct product of the system and
the bath and the third relation comes from this condition
that the initial state of the bath is thermal.
In the following lines, more detail about the equations
of Sec. III is presented so that the approach is slightly
different from previous methods [10–14].
Derivation of Eq. (12):
¯∆Sirr = ∆Ss − β∆Q¯ = ∆Ss + β∆EB (A4)
= ∆Ss − β∆ES = −β∆FS ,
here we use ∆Q¯ = −∆EB for the definition of heat.
Derivation of Eq. (14):
¯∆Sirr = −β∆FS = ∆Ss − β∆ES (A5)
= I(ρ′SB)−∆SB + β∆EB
= I(ρ′SB) + β∆FB = I(ρ
′
SB) + S(ρ
′
B‖ρ
eq
B ).
Derivation of Eq. (15):
∆Sirr = ∆Ss − β∆Q = ∆Ss + β(∆EB −∆FB) (A6)
= ∆Ss − β∆ES − β∆FB = −β(∆FS +∆FB),
where we use ∆Q = −1
β
∆SB for the definition of heat.
Derivation of Eq. (16):
∆Sirr = −β(∆FS +∆FB) (A7)
= ∆Ss +∆SB − β(∆ES +∆EB) = I(ρ
′
SB).
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